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Introduction

ECENTLY published analyses of nutation dampers are not

widely available, but modeling damper performance is an in-
teresting problem combining many disciplines. This Note presents
a new perspective on nutation dampers such as the one examined
in Ref. 1. There, the damper consisted of a hoop of metal partially
filled with a viscous fluid and mounted in the spacecraft spin plane,
with both horizontal and vertical offsets from the spacecraft center
of gravity.

For small nutation angles the fluid slug is held intact and toward
the outeredge of the hoop by the centrifugalforce. Small oscillations
are induced at the nutation frequency, and viscous forces dissipate
energy. Large nutation angles produce rectified torques that propel
the slug around the hoop. Although there is a component of steady
flow in this case, the dissipative torques at harmonics of the spin
and nutation rates can play a significant role in the overall damping
of the nutation.

The most important parameter for modeling the action of a
fluid-based nutation damper is the kinetic Reynolds number.?> For
unsteady flow this quantity plays a similar role to the standard
Reynolds number of steady flow theory in defining regions of
laminar and turbulent flow.

Unsteady flow regimes typically dominate for low viscosity flu-
ids. However, one low viscosity fluid that has been used extensively
in nutation dampers, mercury, has the disadvantage of exhibiting
high surfacetension. Surfacetensionhas beendemonstratedto cause
small angle “lock-up,” in which the damper ceases to dissipate en-
ergy below a particular nutation angle.? This Note does not model
effects of surface tension, but evaluation of the potential for small
angle lock-up is recommended in general applications.

The shear stress in an unsteady flow regime is generally much
larger than thatin a steady flow situation,and this fact can be used to
advantage in designing faster nutation dampers. One salient feature
of the unsteady flow regime is that the damping turns out to be
proportional to the square root of the fluid viscosity, rather than
directly proportional as might be expected. A simple experimental
apparatus is sufficient to demonstrate the validity of the analysis.

Fluid Dynamics

The damper model is as depicted in Fig. 1. Assuming b > a, the
Navier-Stokes equation for the fluid velocity V' is approximately
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for kinematic viscosity v, annular radius r, and a general com-
plex exponential pressure gradient with amplitude A and Laplace
variable s. The solution of Eq. (1) is given in Ref. 2:
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where J,( ) is the nth-order Bessel function of the first kind with
complex argument.>4~7 The argument of this function is related to
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Fig.2 Selection of velocity profiles for varying KRN.

the kinetic Reynolds number> (KRN)
R, = wa*/v 3)

where w is the oscillation frequency of the fluid slug. For conve-
nience, we shall define the analogous Laplace version

R, = (a*/v)s )

For purely simusoidal forcing functions the fluid flow is laminar for
R, of less than about 2000.2 As R, approacheszero (low frequency,
high viscosity,and/or small annulus), Eq. (2) approachesthe steady-
state limit
A 2 2
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which is the familiar parabolic shape of the velocity distributionin
steady pipe flow. Because fluid viscosities can be quite small, it is
not difficult to have a large KRN. The velocity distributions in this
case are markedly different from Eq. (5), as shown in Fig. 2.
The average velocity of the slug over the cross-sectional area is
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where j is the square root of —1.

The higher-Reynolds-numbercases have dramatically greater in-
creases in the velocity near the tube wall, leading to significantly
higher shear stresses. The shear stress can be calculated as
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where p is the fluid density. The result is
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The torque about the center of the hoop is found by multiplying
Eq. (7) by the surface area S of the fluid slug touching the tube
walls, and the moment arm b, T =bSo.
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Defining qu:Vavg, the transfer function between ¢ and t
becomes
t(s) —CvRJi(jVR,) "
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where C = 2w pnb?. Despite the appearanceof j in Eq. (8), the func-
tion is real for real s. Henceforward, we shall identify this transfer
functionas —F (s).

Inthe firstlimiting case of interest, when R, is “small,” the transfer
function becomes a constant

F(s)~ 4Cv (9a)
and, when R, is “large”

F(s) ~ Cvy/R, = Cay/vs (9b)

in which the dependence of the damping on the square root of the
viscosity appears. In this regime a rational approximation of the
square-root function of s yields a transfer function easily imple-
mented in simulations. Because it can be presumed that the exci-
tation of the slug will occur at the nutation frequency w, of the
spacecraft, a first-order lead filter that has the same magnitude and
phase at s = jw, is

s/ (@,fa) + 1

YT a=1++2 (10

s

In Figs. 3 and 4 the magnitude and phase of —F (jw)/Cv vs R, are
plotted with dashed line asymptotes given by Eq. (9b).
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Fig.3 Magnitude response of fluid dynamics transfer function.
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Fig.4 Phase response of fluid dynamics transfer function.
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Fig.5 Nutation angle decay caused by damper.

As can be seen, Eq. (9b) is not very far off for KRN greater
than about 10. One of the insights revealed by the phase plot is
that the fluid dynamics has a leading response. Another important
insight is the amplification that occurs for high KRN. As the KRN
is proportional to frequency, it is possible that the higher frequency
components dominate the damping during large-angle nutation.

Simulations

For simulation a rigid body with offset damper, characterized
as a single-degree-of-freedom solid pendulum with the damping
torque response given by the rational approximation in Eq. (10),
was modeled.

In the plot shown in Fig. 5, an initial nutation angle of 15 deg de-
cays because of the action of the damper. In the large-angleregime
(>2 deg for this case), the damping rate is faster owing, perhaps,
to the input frequency spread, which includes harmonics and mod-
ulations of the nutation and spin rates, as well as dc components
from rectification phenomena. The simulation model might not be
entirely accurate for this multimode regime because the damping
torque is based on Eq. (10), but the behavior is similar to that de-
scribed elsewhere® (although, in that case, attributed to turbulent
flow phenomena).

After about 2 deg nutation angle is reached, the slug rate is es-
sentially composed of one harmonic at the nutation frequency, and
so Eq. (10) is a reasonable model for the fluid response. The damp-
ing torque becomes proportional to a phase-advancedversion of the
rate, and the decay becomes exponential.

Experiment

Based on the suspicion that the predicted phenomena should
be strongly observable, a very simple and easily replicated test
apparatus was constructed to observe the damping predictions. The
apparatus was crude, and any measure of the absolute accuracy of
the results would be speculative. However, the differencesin perfor-
mance for the various configurations were so dramatic as to leave
little doubt that the predictions had been confirmed.

The diagram in Fig. 6 depicts a half-hoop of copper tubing,
such as is easily purchased at a local hardware store. Four hoops
were suspended with coat hanger wires, each looped through an
eyelet constructed of the same wire, creating a low friction inter-
face. The hoops were filled with various fluids and induced to rock
back and forth. The times for the oscillations to decay to a nearly
unobservable angle were then recorded and compared with the
predictions.

The fluid slug was modeled as a solid pendulum, and the linearized
equations of motion came out to be approximately

L)L) o

for appropriate constant 2 x 2 matrices G and H with 7, equal to
the damping torque. The determinant of the Laplace transform of
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Fig. 6 [Experimental setup.
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Fig.7 Experimental settling times closely match model.

Eq. (11) is the characteristic equation

Gs2+H+|:O 0 ” (12)

Al = 0 sF(s)

The frequency w, of oscillation can be predicted. For low viscosity
fluids (high KRN), it was found that the pendulum frequency of the
copper tubing alone was predominant. For high viscosity fluids (low
KRN), the pendulum frequency of the combined tubing and fluid
was predominant. Given the frequency w, of oscillation, the time
constant of the damping can be predicted by using the analyticity
of Eq. (12):

Taamp = 1/{Real[A(jw,) /A (jo)1} (13)

In Fig. 7 this equation was applied using Eqgs. (9) for the low- and
high-KRN cases, respectively, and the appropriate pendulum fre-
quency. The actual settling time (solid line) was found by setting
Eq. (12) to zero and solving, using a Newton iteration and the full
fluid transfer function in Eq. (8). With just a minor tweaking of
parameters, the observed settling times closely matched the analyt-
ically derived settling times.

The dashed line for the low-KRN case is essentially what would
be obtained using the steady flow equations. Note how much more
rapid the damping can be for the high-KRN solution. For the case
in which water was used as the damping medium, the settling time
was almost a full order of magnitude less than that predicted by
the steady-state pipe flow (low KRN) curve, providing dramatic
confirmation of the unsteady flow model.

Upon noting that the graph suggested that the minimum settling
time could be achieved for a fluid slightly more viscous than water,
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Fig.8 Normalized energy dissipation function.

the coffee service was raided, and a saturated solution of sugar and
water was combined into the “special mixture.” The result was a
significantly reduced settling time, as predicted.

Comparison with Earlier Results

As stated in the Introduction, there do not appear to be many re-
cent analyses of nutation dampers published in the literature. One
past analysis of particularnote is the 1966 Bhuta and Koval paper,’
which derives the time constant for a nutating spacecraft with a
fully filled ring damper with the axis of symmetry mounted along
a transverse body axis. Although Bhuta and Koval derived their
result in an entirely different manner using energy sink methods,
theirresult agrees precisely with that predicted by the transfer func-
tion approach adopted here. A significant advantage of the transfer
function approach is that, with suitable rational approximation of
Eq. (8), the performance of nutation dampers for complex multi-
body systems not amenable to analytic solution can be predicted
through simulation.

A small-anglelinearizationof the nutation dynamics analyzed by
Bhuta and Koval leads to the characteristic equation given by

AG) = s + FOI(s* + 0?) + T (0,0, — 52 (14)

where J, is the transverse spacecraft inertia, J, is the iner-
tia of the fluid about the symmetric axis (*mb* for a thin
tube, where m is the mass of the fluid and b is the hoop ra-
dius), w, is the spin frequency, w, is the nutation frequency,
w, = (J;/J;, — Dw,, and J; is the spacecraft spin axis (major axis)
inertia.

Plugging this characteristic equation into Eq. (13) results in

27 J?
TR _
f[F(.]wn)/wan]Jf ‘I.)‘w.)‘

(15)

where f(z)=nx/[x*+ (1+)*] for complex argument z=
x + jy. The argument of this function in Eq. (15) depends only
on the KRN and, f[F(jw,)/J;w,] is identical to the “normalized
energy dissipationfunction”derived by Bhuta and Koval and plotted
in Fig. 8. The minimum time constant (maximum energy dissipa-
tion) occurs for a KRN of about 6.5 at the transition from steady to
unsteady flow.

Conclusions

The dynamics of fluid-filled ring nutation dampers can be de-
scribed using standard linear control system conventions. The
fundamental characteristic of the frequency response of these
dampers is the leading phase.

The damping is generally much greater for high kinetic Reynolds
numbers. This can lead to dramatically reduced settling times vs
those predicted by steady flow models, if physical parameters
are chosen appropriately and if surface tension lock-up is not an
issue.
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Gravity-Turn Descent from Low
Circular Orbit Conditions
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Introduction

RAVITY-TURN descentto the surface of a planetary or small

solar system body has been investigated for many years and,
indeed, has been used for both lunar and Mars descent vehicles.! =
Such a descent profile requires that the vehicle thrust vector is ori-
ented opposite to the instantaneous velocity vector along the entire
descent trajectory. This requirement can be achieved with knowl-
edge of the vehicle velocity vector from an inertial measurement
unit and an attitude control system that can maintain the thrust
vector antiparallel to the instantaneous velocity vector.! For pure
gravity-turndescent, the steering law is, therefore, relatively easy to
implement in practice, although the descent may be modified at the
terminal phase for surface hazard avoidance. An important benefit
of gravity-turndescentis that the landing is assured to be vertical,
and the steering law is close to fuel optimum.?

The equations of motion for gravity-turndescentcan be solvedin
closed form for a fixed thrust-to-weightratio, assuming that a con-
stant, vertical gravitationalaccelerationis the only other force acting
on the descent vehicle.! The latter approximation limits the validity
of the solutions to regimes where the descent vehicle velocity is
small relative to the local circular orbit velocity because centripetal
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forces are ignored. The closed-form solutions can, therefore, only
be used to describe terminal descent, when the vehicle has braked
from circular orbit velocity and is close to the planetary surface.
In this Note, it will be demonstrated that the equations of motion
for gravity-turn descent can, in fact, be solved in closed form if
centripetal forces are retained, but gravity is assumed to be con-
stant in magnitude. Because the descent will normally begin from
a low circular parking orbit, these assumptions appear reasonable.
New solutions are found that allow a full representation of the de-
scent vehicle motion from circular orbit conditionsdown to the final
landing event.

Classical Gravity-Turn Solutions

The general equations of motion for the descent vehicle can be
written in normal-tangential coordinates, with the vehicle thrust-
inducedaccelerationwrittenas N gy, where N is the thrust-to-weight
ratio and gy is the gravitationalaccelerationat the planetary surface,
as shown in Fig. 1. For a planetary or small solar system body of
radius R, the equations of motion may be written as

dv R? v N (1a)
— = gg———cos Y — a
a gO(R+h)2 8o
dyr v? R? .
— = — s 1b
el D ot o EAVI
d 14 (Tc)
— = —vcos c
a

where v is the vehicle velocity, ¥ is the pitch angle of the vehicle ve-
locity vectorrelativeto the local vertical,and / is the vehiclealtitude
above the planetary surface. The classical gravity-turnsolutions can
be obtained by assuming the descent takes place overa plane so that
R — 00. In this limit, the equations of motion reduce to

dv
Pl cosy — Ngo (2a)
d
Ud_f = —gosiny (2b)

These reduced equations may now be used to form a single, sepa-
rable differential equation with ¢ as the independent variable, such
that
1 dv
—— +cotyy — Ncosecyy =0 3)
vdy
This equationcan now be directlyintegratedto obtain the descent ve-
hicle velocity v as a function of the velocity vector pitch angle v as'

sin ¥ tan(y/2) N
sinyr tan(o/2)

A typical descent trajectory in the v—y plane is shown in Fig. 2
for a thrust-to-weightratio N = 2, with a numerically integrated so-
lution of Eq. (1) provided for comparison. The descentbegins from
circularorbitconditions.It can be seen that this closed-formsolution

v(y) = Uo{ “)

Ng,

descent vehicle

planetary surface

Fig. 1 Schematic of gravity-turn descent.



